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Quantizing Yang-Mills Theory: From Parisi-Wu Stochastic Quantization 
to a Global Path Integral 

Helmuth Hiiffel* and Gerald Kelnhofer at 
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Based on a generalization of the stochastic quantization scheme we recently proposed a generalized, globally 
defined Faddeev-Popov path integral density for the quantization of Yang-Mills theory. In this talk first our 
approach on the whole space of gauge potentials is shortly reviewed; in the following we discuss the corresponding 
global path integral on the gauge orbit space relating it to the original Parisi-Wu stochastic quantization scheme. 



1. MATHEMATICAL SETTING 

It is our aim to discuss a globally valid path 
integral procedure for the quantization of Yang- 
Mills theory based on a recently introduced gener- 
alization of the Parisi-Wu stochastic quan- 
tization scheme for different globally valid 
stochastic interpretations of the Faddeev-Popov 
procedure Q see |) 10 1. 

Let P(M, G) be a principal fiber bundle with 
compact structure group G over the compact Eu- 
clidean space time M, Let A denote the space of 
all irreducible connections on P and let Q denote 
the gauge group, which is given by all vertical 
automorphisms on P reduced by the centre of G. 
Then Q acts freely on A and defines a principal Q- 
fibration A A/G =■ M over the paracompact 
11 1 space M. of all inequivalent gauge potentials 
with projection ir. Due to the Gribov ambiguity 
12 1 the principal ^-bundle A ^ A4 is not glob- 
ally trivializable. 

From |ll[] it follows that there exists a locally 
finite open cover U = {U a } of A4 together with 
a set of background gauge fields {A^ g A} such 
that 

T a = {Be K-\U a )\D\ {a) (B - A { « ] ) = 0} (1) 
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defines a family of local sections of A — > M.. 
Here D * , a) is the adjoint operator of the covari- 



(«) 



ant derivative D . (<*) with respect to A 



2. PARISI WU STOCHASTIC QUANTI- 
ZATION 

The Parisi-Wu approach for the stochastic 
quantization of the Yang-Mills theory is defined 
in terms of the Langevin equation 



dA = -— ds + dW. 
SA 



(2) 



Here S denotes the Yang-Mills action without 
gauge symmetry breaking terms and without ac- 
companying ghost field terms, s denotes the ex- 
tra time coordinate with respect to which the 
stochastic process is evolving, dW is the incre- 
ment of a Wiener process. 

Instead of analyzing Yang-Mills theory in the 
original field space A we consider the family of 
trivial principal (/-bundles T a x Q — > r a , which 
are locally isomorphic to the bundle A — ► M, 
where the isomorphisms are provided by the maps 



Xa ■ r Q x g 



-\U a ), Xa (B,g):=B3 (3) 



with B £ T a , g G G and B 9 denoting the gauge 
transformation of B by g. 

We transform the Parisi-Wu Langevin equa- 
tion (3) into the adapted coordinates W = 

gj- A s this transformation is not globally 
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possible the region of definition of (3) has to be 
restricted to ir~ 1 (U(A^)). Making use of the Ito 
stochastic calculus |13j the above Langevin equa- 
tion now reads 



-G. 



1 



5{G- 1 VAKG~ 



\J det G a 



ds + E a dW. (4) 



where S a — Xa.^ denotes the gauge invari- 
ant Yang-Mills action expressed in terms of the 
adapted coordinate B. The explicit form of the 
vielbein E a corresponding to the change of coor- 
dinates A — > (B,g), the induced metric G Q , its 
inverse and its determinant can be found in 0]; 
for completeness we just recall that 



detG Q = v 2 (det T a f (det A m)' 1 . 



(5) 



Here v = J dct(R*R g ) implies an invariant vol- 
ume density on Q, where R g is the differential 
of right multiplication transporting any tangent 
vector in T g Q back to the identity idg on Q ; 



f 



D* is the Faddeev-Popov operator. 



3. GENERALIZED 
QUANTIZATION 



STOCHASTIC 



It is the basic idea of the stochastic quanti- 
zation scheme to study in addition to a given 
Langevin equation the associated Fokker-Planck 
equation for the probability density p interpret- 
ing the equilibrium limit of this density as Eu- 
clidean path integral measure. It is well known 
that such a procedure breaks down in the case of 
gauge theories, as due to the gauge invariance no 
normalizable equilibrium limit emerges. A gener- 
alization of the Parisi-Wu scheme was introduced 
in and extended recently in [jjj by perform- 
ing special, geometrically distinguished modifica- 
tions of both the drift and diffusion terms such 
that -most essentially- all expectation values of 
gauge invariant observables are left unchanged. 
This lead to a well defined Fokker-Planck formu- 
lation and the equilibrium density was derivable 
straightforwardly. The Langevin equation (2) ex- 
pressed in the adapted coordinates thus gets 



recast into 



d^ = 



-G 



1 <J(G-Vdet Go) 



Vdet G a 



6V 



ds + E a dW.(6) 



Here E a and G" 1 = E a E* a denote a specific viel- 
bein and a (inverse) metric, respectively, which 
are associated to the above mentioned modifi- 
cations of the drift and diffusion term of (2) or 
(4), respectively. The geometric interpretation of 
these modifications was disucssed in full length 
in jl| and Q and will not be repeated here. S a ot 
denotes a total Yang-Mills action 



S* 0t =X*aS+pr* g Sg 



(7) 



defined by the original Yang-Mills action S and by 
Sg £ C°°(G) which is an arbitrary functional on 
Q such that e~ s ° is integrable with respect to the 
invariant volume density v, prg is the projector 

The Fokker-Planck equation associated to (6) 
can easily be deduced 



ds 



L[9]p[%s], 



(8) 



where the Fokker-Planck operator L[^f] is appear- 
ing in just factorized form 



1 



(5(VdetG^ 



S"f y/detGa 



_s_ 



(9) 



Due to the positivity of G a the fluctuation dissi- 
pation theorem applies and the equilibrium distri- 
bution (for a proper normalization condition see 
the next section) is obtained by mere inspection 
as 



fi a e 



fi a = y/det G a . 



(10) 



Although our result implies unconventional 
finite contributions along the gauge group (aris- 
ing from the prgSg term) it is equivalent to the 
usual Faddeev-Popov prescription Q for Yang- 
Mills theory This follows from the fact that for 
expectation values of gauge invariant observables 
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these contributions along the gauge group are ex- 
actly canceled out due to the normalization of the 
path integral. We stress once more that due to 
the Gribov ambiguity the usual Faddeev-Popov 
approach as well as -presently- our modified ver- 
sion are valid only locally in field space. 



be pieced together to give a globally well defined 
twisted top form on A 



53 Xa 1 *^ 1 



\ * 



S-X a 1 *P r g s G 



7T 7o 



(14) 



4. GLOBAL PATH INTEGRAL 

In order to compare expectation values on dif- 
ferent patches we consider the diffeomorphism 
<p ai a 2 m the overlap of the two patches (r ai n 
tt~~^~ (U a2 )) x Q and (T Q2 n ^{U^)) x Q which 
is given by 



b aia2 {B,g) := (B u 



,(B)- 



\g). 



(ii) 



Here the field dependent gauge transformation 
uj a2 : n (U a2 ) — > is uniquely defined by 
j^j a2 {A) g T a2 . To the density fi a there is asso- 
ciated a corresponding twisted top form on T a x Q 
which for simplicity we denote by the same sym- 
bol. Using for convenience a matrix representa- 
tion of G a M we straightforwardly verify that 



(12) 



This immediately implies that in overlap regions 
the expectation values of gauge invariant observ- 
ables / S C°°(A) are equal when evaluated in 
different patches. Let j a be a partition of unity 
of M.. We propose the definition of the global 
expectation value of a gauge invariant observable 
/ € C°°(A) by summing over all j a such that 



r^xg 

E Q / Mae- s - ot x*7r*7a 
r Q xg 



(13) 



Due to (12) it is trivial to prove that the global 
expectation value (/) is independent of the spe- 
cific choice of the locally finite cover {U a }, of the 
choice of the background gauge fields {^4q Q ' ) } and 
of the choice of the partition of unity j a , respec- 
tively. 

As already indicated in y{] these structures can 
equally be translated into the original field space 
A. With the help of the partition of unity the 
locally defined densities fi a as well as e~ s <* can 



The second equation follows as a further con- 
sequence of (12) and /i denotes the flat mea- 
sure on A. We remark the absence of func- 
tional determinants in the path integral measure 
and point out the additional unconventional in- 
teractions implied by the x~ 1 *prgSg terms. The 
global expectation value (13) then reads 



(/) = 



(15) 



which due to the discussion from above is inde- 
pendent of all the particular local choices. 

5. GAUGE ORBIT SPACE FORMULA- 
TION 

In addition to the global expressions (13) and 
(15) for the path integral in the whole space of 
connections the generalized stochastic quantiza- 
tion scheme also offers the possibility of deriving 
the corresponding formulation on the gauge orbit 
space M: We consider the projections of either 
the original Parisi-Wu Langevin equation (4) or 
of the modified equation (6) onto the gauge in- 
variant subspaces r a described by the coordinate 
B: in both cases we obtain 



dB 



-(G- 1 ) 



i\r»r Q 



1 



SS 
SB + 

^((G-y^VdetG^ 



Vdet G a 
+ E T -dW. 



SB 



ds 



(16) 



Notice that in local coordinates (G^ 1 ) 1 "" 1 "" is the 
pullback of the restriction on U a of the inverse of 
a globally defined metric on the gauge orbit space 
M induced by the natural metric on A] similarly 
E^" is defined. Since the locally defined equa- 
tions (16) are transforming covariantly under the 
local diffeomorphisms issued by the coordinate 
transformations, using J13[ it is straightforward 
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to check that their further projections onto M 
are yielding a globally defined stochastic process. 

In direct analogy to our derivation of the local 
Fokker-Planck densities (8) we obtain that the 
Fokker-Planck equation associated to the pro- 
jected Langevin equations (16) has an equilibrium 
distribution given by just the gauge invariant part 
of the densities (8) 

detj c " Q (detA, (Q) )- 1 / 2 e- x ° s . (17) 

By using (12) we can prove explicitly that their 
projections onto M. on overlapping sets of U agree 
giving rise to a globally well defined top form SI 
on M.. Furthermore we can show that the above 
expectation values (13) and (15) of gauge invari- 
ant observables / can identically be rewritten as 
corresponding integrals over the gauge orbit space 
M. with respect to SI 



</> = 



(18) 



We note that this last expression shows agree- 
ment with the formulation proposed by Stora JIB] ] 
upon identification of SI with the Rucllc- Sullivan 
form. Whereas in |l5j, however, this form of 
the expectation values on M. appeared as the 
starting point for a global formulation of Yang- 
Mills theory in the whole space of gauge poten- 
tials it appears in our case as the final result; we 
aimed at its direct derivation within the general- 
ized stochastic quantization approach. 

We see that the projections onto the local gauge 
fixing surfaces r Q of in specific the original Parisi- 
Wu stochastic process induce a globally defined 
stochastic process on the gauge orbit space yield- 
ing the construction of the globally defined path 
integral density SI. We conclude that the globally 
defined Parisi-Wu Langevin equation (2) on the 
whole field space A is intimately related to the 
globally defined path integral density (18) on the 
gauge orbit space M. 
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